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It is shown that if a partial latin square of order n with fewer than n entries has 
all its entries in no more than (n + 3)/2 rows, then it can be completed. This 
extends previous results of both Lindner and Wells, but lately Wells has improved 
this to (n + 5)/2. We show that the number (n + 3)/2 is the best obtainable by 
the method of completing one row at a time without regard for completing 
future rows. 
A partial latin square of order n is an n-by-n array of cells with some cells 
containing positive integers <n but with no row or column containing the 
same integer twice. If all n2 cells are occupied we drop the word “partial.” 
It was conjectured by Evans [I] that any partial latin square with no more 
than n - 1 cells occupied can be completed to a latin square. (The example 
with the integers from 1 to n - 1 in the first row and with n in the second 
row and otherwise empty column shows that we cannot replace n - 1 by n 
in the conjecture.) Lindner [2] showed that a partial latin square of order n 
with fewer than n entries can be completed if the number of rows containing 
entries is no more than 42, and Wells [3] showed that the square (again with 
fewer than n entries) could be completed if no more than (n + 1)/2 entries 
lay off some particular row. We prove a theorem improving both these 
results, namely 
THEOREM. A partial latin square of order n with fewer than n entries can be 
completed if the number of rows containing entries is no more than (n + 3)/2. 
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Since originally submitting this paper we have learned that Wells has 
bettered the above result by proving it with (n + 5)/2 instead of (n + 3)/2 [4]. 
We wish to thank the referee for informing us of this, as well as supplying the 
easy proof given for Lemma 2. 
Of course in our theorem (and those of Lindner and Wells) the word 
“row(s)” may be replaced by “column(s).” By using an observation ascribed 
to Cruse in [5] we may also conclude that a partial latin square of order n 
with fewer than n entries can be completed if no more than (n + 3)/2 distinct 
symbols are used as entries. 
Our method of proving the theorem stated above will be to show that if 
we have completed the first r rows of a partial latin square satisfying the 
hypotheses, and if r < [(n + 3)/2], then we can also complete the next row. 
Once only empty rows are left the square can be finished by a well known 
result of M. Hall [6] that says that any partial latin square with each row 
either empty or completely filled can be completed. In the last section we will 
show that this result is best possible for the method used, in the sense that 
examples exist for each even n > 2 with entries in just (n + 4)/2 rows such 
that if the first n/2 rows are completed in a certain way the next two rows 
cannot be completed. 
Two LEMMAS 
LEMMA 1. Consider a partial latin square of order n with fewer than n 
entries. Let the rows be arranged so that the first row contains at least as many 
entries as the second, etc. Suppose the$rst r rows have been completed but row 
r + 1 cannot be completed. Then r > [(n + 1)/2] and row r + 1 has exactly 
one entry. 
Proof Suppose there are k entries in row r + 1 and t entries below this 
row. By the previously mentioned result of M. Hall k 3 1. By the hypotheses 
t < n - 1 - k - r. By rearranging the columns we can assume that the 
first n - k cells in row r + 1 are empty. For 1 < i < n - k let Si be the 
set of all j, 1 < j < n, appearing in neither column i nor row r + 1. 
We can complete row r + 1 if we can find a system of distinct represen- 
tatives for S, , S, ,..., S,-, . If not, then by a theorem of P. Hall [7], some j 
of the Si, 1 < j < n - k, must have a union containing fewer than j 
elements. By renumbering columns again we assume I S, u S, u -*- u Sj I < 
j - 1. Let 
Then 
Q = {i: 1 < i < n, i is not in row r + I}. 
1 (j (Q - S,)l = 1 Q - i, Si 1 3 n - k - (j - 1) > 1. 
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We see that there are n - k - j + 1 distinct integers, each appearing in 
each of the first j columns. Let m be the minimum number of times any of 
these y1 - k - j + 1 integers appears among the t entries below row r + 1. 
Then 
m< 
t 
tz-k-j+l’ 
Suppose i appears in each of the first j columns and m times below row 
r + 1. Since i appears at most r times above row r + 1, we have 
j<r+m,(r-t t <r+ n-l-k-r n-k-j+1 n-k--J+l’ 
This implies 
(j - r - l)(n - k - j + 1) < j - r - 2. (1) 
We see from this that j < r, for if j > r, then, since n - k - j + 1 3 1, 
from (1) we get 
j-r-l <j-r-2. 
Now the first j columns each contain every one of n - k - j + 1 distinct 
integers, so we have 
j(n-k-j+l)<rj+t<rj+n--l-k-r, 
or 
j(n-k-jtl-r)-n+l+k+r<O. 
Let the left side of this inequality be denoted by f(j). Then f(l) = 
f(n - r - k) = 1. Since f is a parabola opening down we conclude that 
f(j)>Oforjbetweenlandn-r-k.Thusj>n-r-k. 
Nowsincer ajwehaver >n-r-k,or 
2r > n - k. (2) 
Also by the hypotheses of the lemma (r + 1)k < II - 1, so 
rk + 1 < n - k < 2r. 
Clearly, r > 0. Thus k + l/r < 2, and so k = 1. Also (2) implies r > 
(n - I)/2 so r > [(n - I)/21 + 1 = [(n + 1)/2]. This proves the lemma. 
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LEMMA 2. A partial latin square with r full rows and exactly one more 
entry can be completed. 
Proof. Start by ignoring the isolated entry and adding n - r rows to 
complete the square by M. Hall’s theorem. Now rearrange the added rows 
so as to place the extra entry in the desired position. 
PROOF OF THE MAIN THEOREM 
Suppose a partial latin square of order n has fewer than n entries and no 
more than (n + 3)/2 rows containing entries. We arrange the rows as in 
Lemma 1 and fill as many as possible, namely, at least [(n + 1)/2] of them. 
Then there is at most one occupied row left and it has a single entry, again by 
Lemma 1. Thus Lemma 2 allows the latin square to be completed. 
ADDITIONAL RESULTS 
Lemma 2 is very handy in that the number of rows already completed 
does not matter in it. A natural hope is to extend it to cover two or more 
extra entries. Unfortunately this cannot be done in general. Table I gives an 
example with n = 8. 
TABLE I 
Inspection of columns 5 through 7 shows that for row 5 to be completed 
the integers 1,2, and 3 must be put in these three columns. Then the integer 8 
must go in column 4. Thus if an 8 already appeared below row 5 in column 4 
the square could not be completed. 
The reader will note that the partial latin square of Table I could be 
constructed from a cyclic one by interchanging the indicated triangles. 
This device can be used to construct uncompletable latin squares with n/2 
full rows and two extra elements for each even n > 2. We see that trying 
to complete a partial latin square with all entries in (n + 4)/2 rows one row 
at a time may lead to an uncompietable position. 
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The proof given for Lemma 2 can be used in the case of more than one 
extra element if these are all in the same column or are all the same integer. 
This observation, along with our theorem, Cruse’s trick of considering the 
conjugate partial latin square (see [5]), and the result of Marica and 
Schiinheim [8] that the Evans conjecture is true if the entries are in distinct 
rows and columns, allows us to give an easy proof of the conjecture for n = 9. 
(Wells handled n < 8 in [3].) However, since Wells covers n < 11 in his 
new paper, we omit this. 
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